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1. Introduction

The aspects of modular metric spaces was first introduced by Chistyakov [1] in 2006. A modular metric wλ is simply
a metric d with a scalar parameter λ that allows the distance to vary with resolution. The generalization of a modular
metric yields a modular b−metric vλ which is a modular metric with a relaxation factor s ≥ 1 on the triangle inequality.
The work on modular metric expanded upon traditional metric spaces, providing a more adaptable method for exam-
ining convergence and continuity in mathematical analysis. After further research in 2010, Chistyakov [2] established
fixed point theorems for both modular contractive and strongly modular contractive mappings, thereby extending the
principles of classical fixed point theory in modular metric spaces.
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The work on contractions was first done by Banach [3] in complete metric spaces where the mapping brings points
closer to each other within the same space. A self-mapping T : X → X is called a contraction mapping if it satisfies
the condition d(T (x),T (y)) ≤ cd(x, y) for c ∈ (0,1) and x, y ∈ X . This foundational concept has since been further
developed by many scholars in different perspectives [1, 2, 4–8]. Contractions in modular metric space and modular
b−metric space also follow the same concept of bringing points closer to each other.

Branciari [4] defined integral type contractions as "Let (X ,d) be a complete metric space, k ∈ (0,1), and let f : X → X

be a mapping such that for each x, y ∈ X ,

∫d( f x, f y)

0
ϕ(t )d t ≤ k

∫d(x,y)

0
ϕ(t )d t (1)

where ϕ : [0,+∞) → [0,+∞] is a Lebesgue integrable mapping on each compact subset of [0,+∞), nonnegative and
such that for each ε> 0,

∫ε
0 ϕ(t )d t > 0, then f has a unique fixed point a ∈ X such that for each x ∈ X , limn→+∞ f n x =

a." This expanded upon the classical Banach contraction principle and established a general contractive condition of
integral type within complete metric spaces. His research paved the way for further generalizations and applications
of integral type contractions across various mathematical contexts.

Azadifar et al [5] proved the existence and uniqueness of a common fixed point for compatible mappings of integral
type in modular metric spaces.

Ege and Alaca [7] expanded on the existing theories of modular metric spaces to define modular b−metric spaces,
establishing new notions and proved fixed point theorems. Their work contributed significantly to the understanding
and application of modular b−metric spaces in mathematical analysis and fixed point theory.

The theoretical foundations for the existence and uniqueness of solutions to systems of linear equations emerged
through contributions of several centuries, with no single founder but pivotal advancements by key figures. The study
of existence and uniqueness of solutions for non-linear differential equations emerged by several contributions in
the 19th − 20th century mathematicians. Emile Picard [9] established the first comprehensive framework with the
Picard-Lindelof Theorem, proving local existence and uniqueness for initial value problems.

2. Links to the literature

In this section, the literature review serves as a comprehensive exploration of existing research and scholarly works
relevant to the subject matter of this research paper. This section aims to provide a contextual foundation, offering
insights into the current state of knowledge, identifying gaps that will guide the discussions.

In 1991, E.Kreyszig [10] applied the fixed point theory to proving the existence and uniqueness of solutions for
initial value problems (ODE’s) on complete metric spaces. However, this idea has not been done in modular b−metric
spaces.

In 2013, Azadifar et al [5] proved the existence and uniqueness of a common fixed point for compatible mappings
of integral type in modular metric spaces. However, this knowledge of proving the existence and uniqueness of a
common fixed point for compatible mappings of integral type contractions has not been done in modular b− metric
spaces.

In 2018, Ege and Alaca [7] defined modular b−metric spaces. They established fixed point theorems and applied
the results to determining the existence and uniqueness of solutions for n ×n systems of linear equations. However,
this application has not been done using integral type contractions in modular b−metric spaces.

In 2019, Parvaneh et al [11] generalized the F−contractive conditions to α− v-complete modular b−metric spaces
and established some fixed point results in ordered modular b−metric spaces.

In 2022, Ozturk and Buyukkaya [12] specified a new C−class function endowed with altering distance and ultra
altering distance function through generalized Ξ−contraction called G (

∑

,ϑ,Ξ)−contraction in modular b−metric
spaces. They presented an application of their results to integral type contractions and graph theory.

In 2022, Ozturk and Buyukkaya [6] demonstrated some common fixed point theorems for diverse E−contractions
involving generalized Proinov-simulation functions in modular b−metric spaces. They established an existence the-
orem for the solution of nonlinear integral equation.

In 2023, Ozturk et al [13] characterized a new class of simulation functions by extending the class of Z functions
and established some common fixed point theorems in modular b−metric spaces. They applied the results of their
research to finding the unique solution for integral equations.

In 2023, Buyukkaya et al [14] developed new E-type contractions called the Suzuki-Proinov generalized
(α, Z∗

E )− type contractions mapping that included rational expressions by considering Proinov type functions and
CG−simulation functions within modular b−metric space.

In 2024, Buyukkaya and Ozturk [15] took the C A simulation function and Proinov type function into account to

come up with new contraction mapping called Suzuki Proinov Z∗R

E∗ (α)−contraction. They also demonstrated a com-
mon fixed point theorem through the mappings endowed with triangular α−admissibility within modular b−metric
spaces. Furthermore, they examined the existence of solutions to a class of functional equations emerging in dynamic
programming.
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The outline of this paper is as follows. Section 1, Introduction. Section 2, Literature review. Section 3, Methodology.
In section 4, The application of the methodology including proofs and numerical examples are provided. In Section
5, The conclusion and suggested possible future research work are stated.

3. Methodology

In this section, we present the methods that guided our research paper to achieve the objectives of this study.
Various journals, books, the internet and articles on modular b−metric spaces, integral type contractions [5] and Ba-
nach’s contraction principle [16] were investigated to see how integral type contractions will hold in modular b−metric
spaces. The Integral Type Contraction Theorem [4] "Let (X ,d) be a complete metric space, k ∈ (0,1), and let f : X → X

be a mapping such that for each x, y ∈ X ,

∫d( f x, f y)

0
ϕ(t )d t ≤ k

∫d(x,y)

0
ϕ(t )d t

where ϕ : [0,+∞) → [0,+∞] is a Lebesgue integrable mapping on each compact subset of [0,+∞), nonnegative,
and such that for each ε > 0,

∫ε
0 ϕ(t )d t > 0, then f has a unique fixed point a ∈ X such that for each x ∈

X , l i mn→+∞ f n x = a" helped to analyze the fixed point theory using integral type contractions. By analyze we mean
to prove the uniqueness of a common fixed point for self-mappings in certain theorems involving integral type con-
tractions. We also applied the Extended Integral Type Contraction Theorem [7, Theorem 1] " Let X ∗

v be a v−complete
modular b−metric space, and let T : X ∗

v → X ∗
v be a v− contraction mapping such that for all x, y ∈ X ∗

v and some
k ∈ [0,1/s), with restriction sk < 1 for any s ≥ 1, then the following integral type contraction condition holds

∫vλ(T x,T y)

0
ϕ(t )d t ≤ k

∫vλ(x,y)

0
ϕ(t )d t

where ϕ : [0,∞) → [0,∞] is a Lebesgue integrable mapping that is nonnegative and satisfies
∫ε

0 ϕ(t )d t > 0 for all ε> 0.
Assume there exists x = x(λ) ∈ X ∗

v such that vλ(x,T x) < ∞, then there is an element x ∈ X ∗
v such that xn → x, and

x is a unique fixed point of T " to determine the existence and uniqueness of solutions of any n ×n system of linear
equations.

3.1. The following algorithm is used to determine the existence and uniqueness of solutions of any n ×n system

of linear equations

(i) Check if the system is diagonally dominant. That is

for each row i , |ai j |i= j >
∑

i 6= j |ai j | and in the case of the system













a11 a12 . . . a1n = b1

a21 a22 . . . a2n = b2
...

...
...

an1 an2 . . . ann = bn













we have |a11| > |a12|+ |a13|+ . . .+|a1n |, |a22| > |a21|+ |a23|+ . . .+|a2n | and so on.

(ii) Define the fixed point mapping T. We define the fixed point mapping of T by making the first variable in the row
the subject, then go to the next row and make the second variable the subject and so on. For the system













a11 a12 . . . a1n = b1

a21 a22 . . . a2n = b2
...

...
...

an1 an2 . . . ann = bn













a11 = b1 −a12 − . . .−a1n , a22 = b2 −a21 − . . .−a2n and so on so that T (a11, a22, . . . , ann).

(iii) We prove that the mapping T is a contraction using the Jacobian matrix of T by calculating the matrix norm
(∞−nor m). The matrix norm (∞−nor m) gives us the contraction factor k that is

||T ||∞ = k.

By the Banach contraction principle, k ∈ (0,1) for contraction to be guaranteed so as to have a unique fixed point
for the contraction of T.

30



Anthony Katakwe et al. / Int. J. Adv. Appl. Math. and Mech. 13(2) (2025) pages 28–41

(iv) We verify that T is an integral type contraction. That is
∫vλ(T x,T y)

0
φ(t )d t ≤ k

∫vλ(x,y)

0
φ(t )d t .

(v) We check for the uniqueness of the solution. That is

(1−k)
∫vλ(x,y)

0
φ(t ) ≤ 0

which implies that (1−k) ≥ 0 and since φ(t ) is positive then vλ(x, y) = 0 =⇒ x = y.

3.2. The following algorithm is used to determine the existence and uniqueness of solutions of certain non-

linear differential equations

(i) Convert the non-linear differential equation problem to a fixed point problem by rewriting it into an integral
equation using

T y(t ) = g (t )+
∫t

0
g (s, y(s))d s

(ii) Verify the integral type contraction condition by using the Lipschitz condition

|g (x)− g (y)| ≤ L|x − y | f or al l x, y ∈R

where g : R→R is a mapping and L < 1 is the contraction factor.

(iii) Apply the Banach contraction principle "Let (X ,d) be a non-empty complete metric space. A mapping f : X → X

is called a contraction mapping if there exists a constant c ∈ [0,1) such that for all x, y ∈ X , d( f (x), f (y)) ≤
c.d(x, y) holds and f has a unique fixed point a ∈ X such that for every x ∈ X , limn→∞ f n x = a."

4. Application

4.1. Theorems that analyze the existence and uniqueness of a fixed point using integral type contractions.

In this section, we presented Theorems that help us demonstrate how to analyze the fixed point theorem using
integral type contractions based entirely on [5].

Definition 4.1.

Let Xv be a modular b−metric space induced by modular b−metric v . Two self-mappings T,h of Xv are called v-
compatible if vλ(T hxn ,hT xn) → 0, whenever {xn}∞n=1 is a sequence in Xv such that hxn → z and T xn → z for some
point z ∈ Xv and for λ> 0.

Theorem 4.1.

Let Xv be a complete modular b−metric space. Suppose that c,k, l ∈ R
+,c > l and T,h : Xv → Xv are two v-compatible

mappings such that T (Xv ) ⊆ h(Xv ) and
∫v λ

c
(T x,T y)

0
ϕ(t )d t ≤ k

∫v λ
l

(hx,hy)

0
ϕ(t )d t (2)

for some k ∈ (0,1) and for λ> 0, where ϕ : R+ →R
+ is a Lebesgue integrable function, nonnegative and for all ε> 0,

∫ε

0
ϕ(t )d t > 0. (3)

If one of T or h is continuous, then there exists a unique common fixed point of T and h.

Example 4.1.

Let Xv =
{ 1

n
: n ∈N

}

∪ {0} and vλ(x, y) = |x−y |
λ

for any λ> 0. Define the mapping T,h : Xv → Xv by

T (x) =

{ 1
n+4 if x =

1
n

0 if other wi se

and

h(x) =

{ 1
n+1 if x =

1
n

0 if other wi se

Using the theorem above, the hypothesis holds for ϕ(t ) = 2t , where t > 0 and c = 2, l = 1 and k =
1
4 since T ( 1

n
) =

1
n+4 ,T (0) = 0 and h( 1

n
) = 1

n+1 ,h(0) = 0 which implies that T,h are v−compatible with a unique common fixed point 0.

Also T (Xv ) ⊆ h(Xv ) since T ( 1
n

) = 1
n+4 = h( 1

n+3 ).
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Proof. Let’s assume x to be an arbitrary point of Xv and generate inductively the sequence {T xn}∞n=1 as T xn = hxn+1

for each n and x1 = x since T (Xv ) ⊆ h(Xv ). (2) shows that for each integer n ≥ 1 and for every λ> 0 we have

∫v λ
c

(T xn+1,T xn )

0
ϕ(t )d t ≤ k

∫v λ
l

(hxn+1,hxn )

0
ϕ(t )d t

≤ k

∫v λ
c

(T xn ,T xn−1)

0
ϕ(t )d t

≤ k2
∫v λ

l

(hxn ,hxn−1)

0
ϕ(t )d t .

By the principle of mathematical induction, we can easily show that

∫v λ
c

(T xn+1,T xn )

0
ϕ(t )d t ≤ kn

∫v λ
l

(T x,x)

0
ϕ(t )d t .

To demonstrate the inequality using mathematical induction, we follow the standard procedure of mathematical
induction.

Assuming we have a recursive relationship for v λ
c

(T xn+1,T xn), then

v λ
c

(T xn+1,T xn) ≤ kv λ
c

(T xn ,T xn−1).

Suppose

C =

∫v λ
l

(T x,x)

0
ϕ(t )d t

so that
∫v λ

c
(T xn+1,T xn )

0
ϕ(t )d t ≤ knC .

Step 1: We start with the base case for n = 1,

∫v λ
c

(T x2,T x1)

0
ϕ(t )d t ≤ k1C .

Step 2: Assuming that the statement holds for some integer n = k,

∫v λ
c

(T xk+1,T xk )

0
ϕ(t )d t ≤ kkC .

Step 3: We now show for n = k +1 so that

∫v λ
c

(T xk+2,T xk+1)

0
ϕ(t )d t ≤ kk+1C .

From the recursive relationship obtained earlier we have

∫v λ
c

(T xk+2,T xk+1)

0
ϕ(t )d t ≤ k

∫v λ
c

(T xk+1,T xk )

0
ϕ(t )d t

≤ k(kkC )

= kk+1C .

This shows that if it holds for n = k then it also holds for n = k +1 and so
∫v λ

c
(T xn+1,T xn )

0
ϕ(t )d t ≤ kn

∫v λ
l

(T x,x)

0
ϕ(t )d t

is true for all integers n ≥ 1. By taking the limit as n →∞, yields

lim
n→∞

∫v λ
c

(T xn+1,T xn )

0
ϕ(t )d t ≤ 0.

Thus by (3) we have,

lim
n→∞

v λ
c

(T xn+1,T xn) = 0.
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We now show that {T xn}∞n=1 is Cauchy. For every ε> 0, there exists n0 ∈N such that v λ
c

(T xn+1,T xn) < ε
c

for all n ∈N

with n ≥ n0 and λ > 0. Without loss of generality, suppose m,n ∈ N and m > n. Take note that for λ
c(m−n) > 0, there

exists n λ
(m−n) ∈N such that

v λ
c(m−n)

(T xn+1,T xn) < ε
c(m−n) for all n ≥ n λ

m−n
. We then have

v λ
c

(T xn ,T xm) ≤ v λ
c(m−n)

(T xn ,T xn+1)+ v λ
c(m−n)

(T xn+1,T xn+2)+ ...+ v λ
c(m−n)

(T xm−1,T xm)

<
ε

c(m −n)
+

ε

c(m −n)
+ ...+

ε

c(m −n)

= (m −n)
ε

c(m −n)

=
ε

c

for every n,m ≥ n λ
m−n

and this shows that {T xn}∞n=1 is a Cauchy sequence. Since Xv is complete, there exists a point
z ∈ Xv such that v λ

c
(T xn , z) → 0 as n → ∞. Suppose T is continuous, then T 2xn → Tz and T hxn → Tz. By the

v-compatibility of Xv , we have vλ(hT xn ,T hxn) → 0 as n → ∞ for λ > 0. Also hT xn → Tz since vλ(hT xn ,Tz) ≤
v λ

2
(hT xn ,T hxn)+v λ

2
(T hxn ,Tz). In this case, we now prove that z is a common fixed point of T and h. By (2) we have,

∫v λ
c

(T 2xn ,T xn )

0
ϕ(t )d t ≤ k

∫v λ
l

(hT xn ,hxn )

0
ϕ(t )d t .

As n →∞, this yields
∫v λ

c
(Tz,z)

0
ϕ(t )d t ≤ k

∫v λ
l

(Tz,z)

0
ϕ(t )d t ≤ k

∫v λ
c

(Tz,z)

0
ϕ(t )d t

which implies that v λ
c

(Tz, z) = 0 for λ > 0 and so Tz = z. Since T (Xv ) ⊆ h(Xv ) there exists a point z1, such that

z = Tz = hz1. By (2) we have,
∫v λ

c
(T 2xn ,Tz1)

0
ϕ(t )d t ≤ k

∫v λ
l

(hT xn ,hz1)

0
ϕ(t )d t .

As n →∞ yields

∫v λ
c

(Tz,Tz1)

0
ϕ(t )d t ≤ k

∫v λ
l

(Tz,hz1)

0
ϕ(t )d t ,

and so
∫v λ

c
(z,Tz1)

0
ϕ(t )d t ≤ k

∫v λ
l

(z,hz1)

0
ϕ(t )d t ≤ k

∫v λ
l

(z,z)

0
ϕ(t )d t .

Thus z = Tz1 = hz1 and also hz = hTz1 = T hz1 = Tz = z. If one considers h to be continuous (instead of T), then by
similar argument as above, one can prove that hz = Tz = z. Lastly if z and w are two arbitrary common fixed points of
T and h respectively, then we have

∫v λ
c

(z,w)

0
ϕ(t )d t =

∫v λ
c

(Tz,T w)

0
ϕ(t )d t

≤ k

∫v λ
l

(hz,hw)

0
ϕ(t )d t

≤ k

∫v λ
c

(z,w)

0
ϕ(t )d t ,

which implies that v λ
c

(z, w) = 0 for λ> 0 and z = w.

Theorem 4.2.

[7, Compare Theorem 1] Let X ∗
v be a v−complete modular b−metric space, and let T : X ∗

v → X ∗
v be a v− contraction

mapping such that for all x, y ∈ X ∗
v and some k ∈ [0,1/s), with restriction sk < 1 for any s ≥ 1, then the following integral

type contraction condition holds
∫vλ(T x,T y)

0
ϕ(t )d t ≤ k

∫vλ(x,y)

0
ϕ(t )d t

where ϕ : [0,∞) → [0,∞] is a Lebesgue integrable mapping that is nonnegative and satisfies
∫ε

0 ϕ(t )d t > 0 for all ε > 0.
Assume there exists x = x(λ) ∈ X ∗

v such that vλ(x,T x) <∞, then there is an element x ∈ X ∗
v such that xn → x, and x is a

unique fixed point of T.
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Proof. Let x0 ∈ X ∗
v and define the sequence (xn)n∈N iteratively by xn = T xn−1 = T n x0 for n ∈ N. The integral type

contraction condition gives us
∫vλ(xn ,xn+1)

0
φ(t )d t =

∫vλ(T xn−1,T xn )

0
φ(t )d t ≤ k

∫vλ(xn−1,xn )

0
φ(t )d t f or λ> 0.

Then for xn = T n x0, we get
∫vλ(xn ,xn+1)

0
φ(t )d t ≤ k

∫vλ(xn−1,xn )

0
φ(t )d t ≤ ·· · ≤ kn

∫vλ(x0,x1)

0
φ(t )d t

which simply implies
∫vλ(T n x0,T n x1)

0
φ(t )d t ≤ kn

∫vλ(x0,x1)

0
φ(t )d t .

We now need to show that (xn)n∈N is Cauchy. To show that (xn)n∈N is v− Cauchy, let’s consider m,n > 0 with m > n.
Using integral type contraction property and the properties of φ we deduce

∫vλ(xn ,xm )

0
φ(t )d t ≤ s

∫v λ
m−n

(xn ,xn+1)

0
φ(t )d t +·· ·+ sm−n

∫v λ
m−n

(xm−1,xm )

0
φ(t )d t .

Applying the contraction property gives us
∫vλ(xn ,xm )

0
φ(t )d t ≤ skn

∫v λ
m−n

(x0,x1)

0
φ(t )d t +·· ·+ sm−nkm−1

∫v λ
m−n

(x0,x1)

0
φ(t )d t .

Factorizing out the common terms simplifies to
∫vλ(xn ,xm )

0
φ(t )d t =

∫v λ
m−n

(x0,x1)

0
φ(t )d t · skn

[

1+ sk + (sk)2
+·· ·+ (sk)m−n−1] .

If n,m →∞, the terms (sk)m−n−1 → 0 and skn → 0 (since sk < 1), and so we have

lim
n,m→∞

∫vλ(xn ,xm )

0
φ(t )d t = 0.

Since φ is positive and summable means that

lim
n,m→∞

vλ(xn , xm) = 0.

Thus this shows that (xn)n∈N is a v-Cauchy sequence in X ∗
v .

By the v−completeness of X ∗
v , the sequence (xn)n∈N is v−convergent and converges to x ∈ X ∗

v . To show that x is a
fixed point of T , let’s consider the following

∫vλ(T x,x)

0
φ(t )d t ≤ s

[
∫v λ

2
(T x,xn )

0
φ(t )d t +

∫v λ
2

(xn ,x)

0
φ(t )d t

]

.

Considering the contraction property only on the first term on the right of the inequality results in

∫vλ(T x,x)

0
φ(t )d t ≤ s

[

k

∫v λ
2

(x,xn−1)

0
φ(t )d t +

∫v λ
2

(xn ,x)

0
φ(t )d t

]

.

If n →∞, both terms
∫

v λ
2

(x,xn−1)

0 φ(t )d t and
∫

v λ
2

(xn ,x)

0 φ(t )d t tend to zero which means that

∫vλ(T x,x)

0
φ(t )d t = 0.

Since φ is positive implies that vλ(T x, x) = 0 and so T x = x.
Lastly, we need to prove the uniqueness of the fixed point x. To prove the uniqueness of the fixed point x, let’s

assume y is another fixed point of T. By integral type contraction condition

∫vλ(x,y)

0
φ(t )d t =

∫vλ(T x,T y)

0
φ(t )d t ≤ k

∫vλ(x,y)

0
φ(t )d t .

By subtracting k
∫vλ(x,y)

0 φ(t )d t from both sides we obtain

(1−k)
∫vλ(x,y)

0
φ(t )d t ≤ 0.

Since 1−k > 0 and φ is positive implies vλ(x, y) = 0 and so x = y.
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4.2. Application to a system of linear equations

Integral type contractions can be used to determine whether a system of linear equations has a unique solution or
not. In the following, we show how to determine the existence and uniqueness of solutions for any n ×n system of
linear equations based on the work of [7].

The following examples demonstrate how to determine the existence and uniqueness of a solution for an n ×n

system of linear equations.

Example 4.2.

[7, Compare Theorem 4]Let X =R
n be a modular b−metric space with modular b−metric

vλ(x, y) =
d(x, y)

λ
,

where x, y ∈ X and

d(x, y) =
n
∑

i=1
|xi − yi |.

If
n
∑

i=1
|αi j | ≤α< 1 for j = 1,2, . . . ,n,

then the linear system























a11x1 +a12x2 + . . .+a1n xn = b1

a21x1 +a22x2 + . . .+a2n xn = b2
...

...
an1x1 +an2x2 + . . .+ann xn = bn

of n linear equations in n unknowns has a unique solution.

Proof. To solve this problem, we consider the following steps:
Step 1: We check if the system is diagonally dominant.
Assuming that |a11| > |a12| + |a13| + . . .+ |a1n |, |a22| > |a21| + |a23| + . . .+ |a2n | and so on holds, we can say that the

system is diagonally dominant.
Step 2: We define the fixed point mapping T .

T (x1, . . . , xn) =

(

b1 −a12x2−, . . . ,−a1n xn

a11
, . . . ,

bn −an1x1−, . . . ,−ann−1xn−1

ann

)

.

Step 3: We prove that T is a contraction using the Jacobian matrix of T. In our case, we cannot find the actual matrix
norm(∞−nor m) but ||T ||∞ = k =α is the contraction factor. Considering the distance function of T

vλ(T x,T y) =
1

λ
d(T x,T y)

=
1

λ

n
∑

i=1
|

n
∑

j=1
αi j (x j − y j )|

≤
1

λ

n
∑

i=1

n
∑

j=1
|αi j ||(x j − y j )|

=
1

λ

n
∑

j=1

n
∑

i=1
|αi j ||x j − y j |

≤
1

λ

n
∑

j=1
α|x j − y j | (since

n
∑

i=1
|αi j | ≤α)

=
α

λ

n
∑

j=1
|x j − y j |

=αvλ(x, y).

By the Banach contraction principle, k =α ∈ (0,1) for contraction to be guaranteed so as to have a unique fixed point
for the contraction of T.

Step 4: We verify the integral type contraction condition.
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By using integral type contraction property where φ(t ) = 1 we have

∫vλ(T x,T x)

0
φ(t )d t =

∫vλ(T x,T x)

0
1d t

= vλ(T x,T x)

≤αvλ(x, x)

=α

∫vλ(x,x)

0
1d t

=α

∫vλ(x,x)

0
φ(t )d t

and we conclude that indeed T is an integral type contraction mapping.
Step 5: We now check for the uniqueness of the solution.
Assuming the fixed points x and y

∫|x−y |

0
φ(t )d t ≤α

∫|x−y |

0
φ(t )d t

subtracting α
∫|x−y |

0 φ(t )d t from both sides of the inequality we get

(1−α)
∫|x−y |

0
φ(t )d t ≤ 0.

Since (1−α) ≥ 0 and φ(t ) is positive, then |x− y | = 0 =⇒ x = y. This shows that the system of linear equations has a
unique solution x.

Example 4.3.

Let X ∗
v = R

3 be a complete modular b−metric space equiped with a modular b−metric such that vλ(x, y) = d(x,y)
λ

where λ= 1 and d(x, y) =
∑n

i=1 |xi − yi | for all x, y ∈ X ∗
v .

If
n
∑

i=1
|αi j | ≤α< 1 for j = 1,2, . . . ,n,

then the system of linear equations






4x + y + z = 6
x +5y + z = 7
x + y +6z = 8

of 3 linear equations in 3 unknowns has a unique solution.

Proof. To solve this problem, we consider the following steps:
Step 1: We check if the system is diagonally dominant. Since

|4| > |1|+ |1| = 2, |5| > |1|+ |1| = 2, |6| > |1|+ |1| = 2.

The system is diagonally dominant.
Step 2: We define the fixed point mapping T .

T (x, y, z) =

(

6− y − z

4
,

7−x − z

5
,

8−x − y

6

)

.

Step 3: We prove that T is a contraction using the Jacobian matrix of T.
Given the operator T : R3 →R

3, where

T (x, y, z) =

(

6− y − z

4
,

7−x − z

5
,

8−x − y

6

)

we let

T1(x, y, z) =

(

6− y − z

4

)

,T2(x, y, z) =

(

7−x − z

5

)

,T3(x, y, z) =

(

8−x − y

6

)

.

The partial derivatives give us the following

∂T1

∂x
= 0,

∂T1

∂y
=−

1

4
,
∂T1

∂z
=−

1

4
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∂T2

∂x
=−

1

5
,
∂T2

∂y
= 0,

∂T2

∂z
=−

1

5

∂T3

∂x
=−

1

6
,
∂T3

∂y
=−

1

6
,
∂T3

∂z
= 0

now,

T =









∂T1
∂x

∂T1
∂y

∂T1
∂z

∂T2
∂x

∂T2
∂y

∂T2
∂z

∂T3
∂x

∂T3
∂y

∂T3
∂z









=





0 −
1
4 −

1
4

−
1
5 0 −

1
5

−
1
6 −

1
6 0



 .

The induced matrix norm(∞−nor m) gives the contraction factor

||T ||∞ = max
{ 1

2 , 2
5 , 1

3

}

=
1

2
.

Since ||T ||∞ =
1
2 < 1,T is a contraction and by the Banach contraction principle has a unique solution in R

3. Therefore,

|T x −T y | ≤ k|x − y | with k =
1
2 < 1 guarantees that the contraction of T has a unique fixed point.

Step 4: We verify the integral contraction condition.
Picking φ(t ) = 1,

∫vλ(T x,T y)

0
1d t =

∫|T x−T y |

0
1d t

= |T x −T y |

≤ k|x − y |

= k

∫vλ(x,y)

0
1d t .

Step 5: We now check for uniqueness of the solution
Assuming the fixed points x and y

∫|x−y |

0
φ(t )d t ≤

1

2

∫|x−y |

0
φ(t )d t

subtracting 1
2

∫|x−y |
0 φ(t )d t from both sides of the inequality we get

(1−
1

2
)
∫|x−y |

0
φ(t )d t ≤ 0.

Since (1− 1
2 ) > 0 and φ(t ) is positive, then |x − y | = 0 =⇒ x = y. This shows that the system of linear equations has a

unique solution x.

4.3. Application to non-linear differential equations

In this section, we show how to apply integral type contractions to determining the existence and uniqueness of
the solution for non-linear differential equations and the work is entirely based on [9], [10] and [17].

The following examples demonstrates how to determine the existence and uniqueness of solutions for non-linear
differential equations.

Example 4.4.

Let X ∗
v = C ([0,1],R) be a v−complete modular b−metric space of continuous functions on [0,1] equipped with the

modular b−metric

vλ(x, y) =
1

λ

∫1

0
|x(t )− y(t )|d t wher e λ> 0.

If the initial value problem (IVP) y ′(t ) = f (t , y(t )), y(0) = 0, t ∈ [0,1], where f : [0,1]×R→ R is continuous on [0,1] and
satisfies the Lipschitz condition

| f (t , x)− f (t , y)| ≤ L|x − y | wi th L < 1,

then the IVP has a unique solution.
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Proof. Step 1. Convert the IVP to a fixed point problem by rewriting it as an integral equation

T y(t ) = y(t )+
∫t

0
f (u, y(u))du

where y(t ) is the solution which is the fixed point of the mapping T.
Step 2. Verify the integral type contraction condition.
Choosing φ(t ) = 1, we need to show that T satisfies

∫vλ(T x,T y)

0
φ(t )d t ≤ k

∫vλ(x,y)

0
φ(t )d t f or k = L < 1.

The distance function vλ(T x,T y) gives

vλ(T x,T y) =
1

λ

∫1

0
|T x(t )−T y(t )|d t

=
1

λ

∫1

0
|

∫t

0
( f (u, x(u))− f (u, y(u)))du|d t .

Applying the Lipschitz condition

|T x(t )−T y(t )| ≤
∫t

0
L|x(u)− y(u)|du.

Integrating over the interval t ∈ [0,1] gives

∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0

∫t

0
|x(u)− y(u)|dud t .

Changing the order of integration for t ≥ u,u ∈ [0,1] and t ∈ [u,1] gives us

∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0
|x(u)− y(u)|(

∫1

u
d t )du

= L

∫1

0
|x(u)− y(u)|(1−u)du.

Since 1−u ≤ 1, we have
∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0
|x(u)− y(u)|du.

By multiplying with 1
λ

1

λ

∫1

0
|T x(t )−T y(t )|d t = vλ(T x,T y)

≤
L

λ

∫1

0
|x(u)− y(u)|du

= Lvλ(x, y).

Using the integral type contraction condition since φ(t ) = 1,

∫vλ(T x,T y)

0
1.d t = vλ(T x,T y)

≤ k

∫vλ(x,y)

0
1.d t

= kvλ(x, y).

Then k = L < 1 and T is an integral type contraction.
Step 3. Apply the Banach contraction principle.
Since X ∗

v is v−complete and T satisfies the integral type contraction condition, then by Banach contraction princi-
ple there exists a unique fixed point x ∈ X ∗

v such that T x = x and this fixed point x is the unique solution to the initial
value problem(IVP).
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Example 4.5.

Let X ∗
v = C ([0,T ],R) be a v−complete modular b−metric space of continuous functions on [0,T ] equipped with the

modular b−metric

vλ(x, y) =
1

λ

∫1

0
|x(t )− y(t )|d t wher e λ> 0.

If the initial value problem(IVP),

d g

d t
=−αg (t ), g (t ) = g0 at t = 0 =⇒ g (0) = g0 for all α> 0

where f : [0,T ]×R→R is continuous on [0,T ] and satisfies the Lipschitz condition

| f (t , x)− f (t , y)| ≤ L|x − y | wi th L < 1,

then the IVP has a unique solution.

Proof. Step 1. Convert the IVP to a fixed point problem by rewriting it as an integral equation

T y(t ) = g (t )+
∫t

0
−αg (s, y(s))d s

= g (t )−α

∫t

0
g (s, y(s))d s.

Step 2. Verify the integral type contraction condition.
Considering the distance between these two mappings

(T g1)(t )− (T g2)(t ) =−α

∫t

0
(g1(s)− g2(s)).

The supremum norm over [0,T ] yields

||T g1 −T g2|| = sup
t∈[0,T ]

|−α

∫t

0
(g1(s)− g2(s))d s|

By integral norm inequality we have

|

∫t

0
g (s)d s| ≤

∫t

0
|g (s)|d s

and so

||T g1 −T g2|| = ||−α

∫t

0
(g1(s)− g2(s))d s||

= ||α(T g1 −T g2)||

thus,
||T g1 −T g2|| ≤αT ||g1 − g2||.

Now assuming the Lipschitz condition holds then αT = L < 1 for α> 0.
Choosing φ(t ) = 1, we need to show that T satisfies

∫vλ(T x,T y)

0
φ(t )d t ≤ k

∫vλ(x,y)

0
φ(t )d t f or k = L < 1.

Computing the distance function vλ(T x,T y),

vλ(T x,T y) =
1

λ

∫1

0
|T x(t )−T y(t )|d t

=
α

λ

∫1

0
|

∫t

0
(g (s, x(s))− g (s, y(s)))d s|d t .

Applying the Lipschitz condition

|T x(t )−T y(t )| ≤
∫t

0
L|x(s)− y(s)|d s.

Integrating over the interval t ∈ [0,T ] gives us

∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0

∫t

0
|x(s)− y(s)|d sd t .
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Changing the order of integration for t ≥ s, s ∈ [0,T ] and t ∈ [s,T ] gives us

∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0
|x(s)− y(s)|(

∫T

s
d t )d s

= L

∫1

0
|x(s)− y(s)|(T − s)d s.

Since T − s ≤ T ≤ 1, we get
∫1

0
|T x(t )−T y(t )|d t ≤ L

∫1

0
|x(s)− y(s)|d s.

By multiplying with 1
λ

1

λ

∫1

0
|T x(t )−T y(t )|d t = vλ(T x,T y)

≤
L

λ

∫1

0
|x(s)− y(s)|d s

= Lvλ(x, y).

Since φ(t ) = 1, substituting into the integral type contraction condition gives us

∫vλ(T x,T y)

0
1.d t = vλ(T x,T y)

≤ k

∫vλ(x,y)

0
1.d t

= kvλ(x, y).

Then k = L < 1, and T is an integral type contraction.
Step 3. Apply the Banach contraction principle.
Since X ∗

v is v−complete and T satisfies the integral type contraction condition, then by Banach contraction princi-
ple there exists a unique fixed point x ∈ X ∗

v such that T x = x and this fixed point x is the unique solution to the initial
value problem(IVP).

5. Conclusion

This paper presents a successful study of the existence and uniqueness of solutions of systems of linear equations
and non-linear differential equations using modular b−metric integral type contractions. We analyzed the fixed point
theorem by using integral type contractions to determine the existence and uniqueness of a common fixed point
in certain theorems presented. In the last part of our work, we successfully applied modular b−metric integral type
contractions in solving problems such as determining the existence and uniqueness of the solution of any n×n system
of linear equations and differential equations such as non-linear differential equations(ODE’s).It is important to note
that our latest publications [8, 18] have motivated us to publish this paper in this journal.
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